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Abstract
Let GR = U(p,q) be the unitary group and K the complexification of a maximal
compact subgroup of GR. We prove that the associated variety of an irreducible Harish–
Chandra module for GR with trivial infinitesimal character is the closure of a single
nilpotent K-orbit.
 2002 Elsevier Science (USA). All rights reserved.
0. Introduction
In [15] Vogan defined LR-cells for Harish–Chandra modules, generalizing
the notion of cells from the category of highest weight modules. In the case of
unitary group GR = U(p,q) an explicit description of cells was given in [1].
The argument was based on the combinatorial algorithm for the wave-front set
of Aq(λ)-modules (which was not proved) and certain properties of Weyl group
representations. In the present paper we propose a geometric method for analyzing
a cellular decomposition of Harish–Chandra modules with fixed infinitesimal
character. In fact, we consider only the case of trivial infinitesimal character.
The first step in our analysis is to replace Harish–Chandra modules with
(DX,K)-modules using the method of localization [2]. Here DX is the sheaf
of algebraic differential operators on the flag variety of G = GL(p + q) and
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K =GL(p)×GL(q). Then we use the characteristic cycle map to define a homo-
morphism of modules for the Weyl group W :
Ch :K(DX,K)⊗Z Q→H2n
(
T ∗KX,Q
);
whereK(DX,K) is the Grothendieck group of the category of (DX,K)-modules,
T ∗KX is the union of conormal bundles of K-orbits on X and H2n(T ∗KX,Q)
is a top-dimensional Borel–Moore homology group with rational coefficients.
We show that Ch is an isomorphism and we use this observation to show that
the associated variety of an irreducible Harish–Chandra module (with trivial
infinitesimal character) is the closure of a single nilpotent K-orbit O. Further we
prove that the corresponding LR-cell (with scalars extended to Q) is isomorphic
as a W -module to the homology group H2n(γ−1(O),Q), where γ denotes the
moment map of a G-homogeneous variety X. We believe the method of the paper
could be used to understand the structure of LR-cells also for some other classical
groups. We shall pursue this problem in a future publication.
1. Double cells and associated varieties
Let G be a complex connected reductive algebraic group, and GR ⊂G a con-
nected real form of G. Denote by gR and g Lie algebras of GR and G. Let θ
be the Cartan involution on GR. We denote by the same letter the corresponding
involution on g. Write gR = kR + sR, respectively g = k+ s, for the eigenspace
decomposition of θ . Let KR be the maximal compact subgroup determined
by θ and K ⊂ G the corresponding complexification. We fix a non-degenerate
symmetric invariant bilinear form 〈 , 〉 on gR, which is preserved by θ , negative
definite on kR and positive definite on sR.
Denote by X the flag variety of all Borel subalgebras of g. Fix a point x0 ∈X
and write b for the corresponding Borel subalgebra of g. Let h be a Cartan
subalgebra of b. Write ∆ for the root system of the pair (g,h), ∆+ for the positive
roots corresponding to the weights in g/b and ρ for the half-sum of the positive
roots. Let W be the Weyl group of ∆.
Denote by U(g) the universal enveloping algebra of g and by Z(g) its center.
Recall that the homomorphisms of the center into C are parameterized by the
Weyl group orbits on h∗. For an orbit W · λ, λ ∈ h∗, we denote by χλ the
corresponding homomorphism. This parameterization involves a shift by ρ, so
that the irreducible finite-dimensional representation of highest weight λ− ρ has
infinitesimal character χλ.
A Harish–Chandra module V is a complex vector space satisfying:
(1) V is a finitely generated U(g)-module and a locally finite Z(g)-module;
(2) V is an algebraic K-module;
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(3) the differential of K-action is the same as the action of k⊂ g and
(
Ad(k)ξ
) · v = k · ξ · k−1 · v, k ∈K, ξ ∈ g, v ∈ V.
A morphism of Harish–Chandra modules is a linear map which intertwines
U(g) and K-actions. Denote by M((U(g),K)λ) the category of Harish–Chandra
modules with infinitesimal character χλ. It will suffice for our purposes to
consider only Harish–Chandra modules having the trivial infinitesimal character.
Our parameterization of infinitesimal characters implies that λ= ρ in this case.
Denote byK(M((U(g),K)ρ)) the Grothendieck group of the abelian category
M((U(g),K)ρ). We say briefly that an object fromM((U(g),K)ρ) is a (g,K)ρ -
module. Using the notion of coherent families of virtual modules one defines
a representation of the Weyl group on K(M((U(g),K)ρ)), which is called
the coherent continuation representation. The best reference for this topic is
[14, Chapter 7]. The coherent continuation can be used to define a natural
decomposition of (g,K)ρ -modules and the corresponding Grothendieck group.
Write [π] for the class of an irreducible (g,K)ρ -module in the Grothendieck
group. Denote byw → t (w), the action ofw ∈W onK(M((U(g),K)ρ)). LetMρ
be a complete set of representatives of equivalence classes of (g,K)ρ-modules.
Following [15, Section 14] we define a preorder LR< as follows. If w ∈ W and
π ∈Mρ write
t (w). [π] =
∑
ai[πi], πi ∈Mρ.
Then LR< is defined as the smallest preorder satisfying: ai = 0 ⇒ π LR< πi . The cone
over π in Mρ , respectively K(M((U(g),K)ρ)), is defined by
C LR(π)= {π ′ ∈Mρ : π LR< π ′
}
, respectively
V LR(π)= spanZ
{[π ′]: π ′ ∈ C LR(π)}.
The equivalence relation
LR≈ on Mρ is determined by: π LR≈ π ′ if and only if
π
LR
< π ′ LR< π . The double cell in Mρ , respectively K(M((U(g),K)ρ)), is defined
by
CLR(π)= {π ′ ∈Mρ : π LR≈ π ′
}
, respectively
VLR(π)= spanZ
{[π ′]: π ′ ∈ CLR(π)}.
Set CLR+ (π) = C LR(π)\CLR(π) and VLR+ (π) = spanZ{[π ′]: π ′ ∈ CLR+ (π)}. The
definition implies immediately that V LR(π) and VLR+ (π) are W -submodules of
K(M((U(g),K)ρ)). We introduce a structure of W -module on VLR(π) using the
isomorphism
VLR(π) V LR(π)/VLR+ (π).
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Let T ∗X be the cotangent bundle of X. The moment map γ :T ∗X → g∗ is
defined as the composition of the imbedding T ∗X → X × g∗ and the second
factor projection X × g∗ → g∗. We use the form 〈 , 〉 to identify g and g∗. Then
we also write γ for the map T ∗X→ g∗ ∼= g. Let N be the nilpotent cone in g.
Then we have T ∗X = γ−1(N ).
Let π be a Harish–Chandra module. We denote by Ass(π) the associated
variety of π [16]. Recall that Ass(π) is a K-invariant subset of N ∩ s. By the
result of Kostant and Rallis [6] N ∩ s is a finite union of K-orbits. If
0 → π ′ → π → π ′′ → 0
is a short exact sequence of Harish–Chandra modules then [16]
Ass(π)=Ass(π ′)∪Ass(π ′′).
In particular, Ass(π) depends only on the image of π in the Grothendieck
group of Harish–Chandra modules. We use this property to prove the following
proposition.
Proposition 1. Let π and π ′ be in Mρ . If π LR< π ′ then Ass(π ′) ⊂ Ass(π). In
particular, if π LR≈ π ′ then Ass(π)=Ass(π ′).
Proof. It will suffice to consider the following case:
t (sα)[π] =
∑
ai[πi], πi ∈Mρ.
Here π ′ = πi for an index i and α ∈ ∆ is a simple root. Clearly we may
assume t (sα)[π] = −[π]. Then t (sα)[π] is the image of a Harish–Chandra
module V . Furthermore, there exists a finite-dimensional module F such that V
is a subquotient of π ⊗C F [14, Chapter 7]. This implies
Ass(π ′)⊂Ass(V )⊂Ass(π ⊗C F)=Ass(π). ✷
Next we review briefly basic results of the Beilinson–Bernstein theory [2]
in the special case when the localization parameter λ = ρ. Let DX be the
sheaf of algebraic differential operators on X. Denote by Γ (X,F) the group
of global sections of a sheaf F on X. A (DX,K)-module is a DX-module and
a K-equivariant sheaf. These two structures satisfy certain natural compatibility
conditions analogous to (2) and (3) in the definition of a Harish–Chandra module.
Denote by M(DX,K) the category of (DX,K)-modules. A computation of
global sections of DX yields Γ (X,DX) ∼= U(g)/kerχρ · U(g); hence we may
define
∆ρ :M
((U(g),K)
ρ
)→M(DX,K), ∆ρ(V )=DX ⊗Γ (X,DX) V .
Here V is a (g,K)ρ -module. According to the main result of the localization
theory the functor ∆ρ is an equivalence of categories and its inverse is the functor
of global sections.
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The group K acts on the flag variety with finitely many orbits [8]. Let X/K be
the set of K orbits on X. If Q ∈X/K write T ∗QX for the conormal bundle of the
orbit Q. Let T ∗KX =
⋃
Q∈X/K T ∗QX. In fact, a simple computation gives
T ∗KX = γ−1(N ∩ s).
Hence T ∗KX is a complex algebraic variety of pure dimension n= dimCX.
For a locally compact space Y we denote by H∗(Y,Q) the Borel–Moore ho-
mology group of Y with rational coefficients. For a locally closed Z ⊂ g, Lusztig
[7] defined a W -module structure on the homology groups Hi(γ−1(Z),Q),
i ∈ Z0. In particular, we have a W -module structure on H2n(T ∗KX,Q),
H2n(γ−1(O),Q), and H2n(γ−1(O),Q), where O ⊂N ∩ s is a K-orbit. More-
over, the restriction morphism H2n(γ−1(O),Q)→ H2n(γ−1(O),Q) is a homo-
morphism of W -modules [10]. Let Q ∈ X/K . Consider the complex algebraic
variety T ∗QX and let [T ∗QX] be the underlying fundamental cycle. Then {[T ∗QX]:
Q ∈X/K} is a basis in H2n(T ∗KX,Q). It is not difficult to show that the sublattice⊕
Q∈X/K Z · [T ∗QX] in H2n(T ∗KX,Q) is W -invariant [13].
Let V be a (DX,K)-module. Write Ch(V) for the characteristic variety of V
[3]. The condition ofK-equivariance implies Ch(V)⊂ T ∗KX, hence we may define
the multiplicity of Ch(V) along the irreducible components T ∗QX, Q ∈ X/K ,
of T ∗KX. In this way we obtain the characteristic cycle Ch(V) ∈
⊕
Q∈X/K Z0 ·
[T ∗QX]. Set K(M((U(g),K)ρ))Q =K(M((U(g),K)ρ))⊗ZQ. Then we define a
homomorphism
Φ :K(M((U(g),K)
ρ
))
Q
→H2n
(
T ∗KX,Q
)
,
by Φ([V ])= Ch(∆ρ(V )), V ∈Mρ . The computation of the characteristic cycles
of standard (DX,K)-modules implies that Φ is surjective [13]. This fact will be
important in Section 3.
Let q= l+ u be a θ -stable parabolic subalgebra, where l is a Levi factor and u
the nilpotent radical. Denote by q¯ the opposite parabolic subalgebra. Consider
a generalized flag variety Y = Ad(G).q of parabolic subalgebras which are
conjugate to q. Let Z = Ad(K). q¯. It is not difficult to show the K-orbit Z is
closed in Y [5, 6.16]. Let i :Z→ Y be the inclusion and R0i+ the corresponding
direct image functor from the category of DZ-modules to the category of DY -
modules. Put Aq = Γ (Y,R0i+(OZ)), where OZ is the sheaf of regular functions
on Z.
In general, if V is a DY -module and γ1 :T ∗Y → g∗ is the moment map of
a G-homogeneous space Y , then [3, 1.9] Γ (Y,V) is a g-module with trivial
infinitesimal character and
Ass
(
Γ (Y,V))= γ1
(Ch(V)).
In our case Ch(R0i+(OZ))= T ∗ZY , hence
Ass(Aq)=Ad(K). (u¯∩ s).
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Furthermore, since R0i+(OZ) is an irreducible (DY ,K)-module, Aq is an
irreducible (q,K)ρ -module. We remark that Aq can be related to the derived
functor modules, but we shall make no use of this fact.
2. Nilpotent K-orbits for unitary groups
Let V be a complex vector space of dimension n= p + q and let τ be a non-
degenerate hermitian form on V of signature (p, q). Recall that the unitary group
corresponding to τ is defined by
U(p,q)= {g ∈ GL(V ): τ (gu,gv)= τ (u, v), u, v ∈ V }.
Consider a decomposition
V = V+ ⊗ V−
such that the restriction of τ on V+ (V−) has signature (p,0) ((0, q)). Then the
Cartan involution θ on g= gl(V ) can be written as
θ(ξ)= sξs,
where s :V → V is determined by
s|V+ = idV+ and s|V− =−idV− .
Next we recall the classification of K-orbits in N ∩ s from [9]. Observe first that
k= {ξ ∈ g: ξ(V+)⊂ V+, ξ(V−)⊂ V−
}
,
s= {ξ ∈ g: ξ(V+)⊂ V−, ξ(V−)⊂ V+
}
.
Given a nilpotent orbit O =K. ξ , ξ ∈ s, we can find a Jordan basis
{
ξj vi : 1 i  k, 0 j  ri − 1
}
such that
vi ∈ V1 (1 =+,−) and r1  r2  · · · rk > 0.
To such a nilpotent we associate a signed Young tableau r(O) = ((r1, 11), . . . ,
(rk, 1k)):
11 −11 11 · · ·
12 −12 · · ·
...
...
1k −1k · · ·
Here the ith-row has length ri and 1i = 1 if vi ∈ V1 ; the number of +’s,
respectively −’s, appearing is p, respectively q . Denote by T (p,q) the set of
all such tableaux. Then the above construction establishes a bijection between
nilpotent K-orbits in s and T (p,q).
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To a K-nilpotent orbit O we can associate a θ -stable parabolic subalgebra.
In fact, suppose the orbit O is represented by a signed tableau as above.
Let (s1, s2, . . .) be the partition dual to (r1, r2, . . . , rk). Select a Jordan basis
corresponding to ξ ∈O and set vij = ξj−1vi , where 1  i  s1 and 1  j  ri .
Now we define a flag
F :V1 ⊂ V2 ⊂ · · · ⊂ Vr1,
by Vk = span{vij : i  s1, j  k}. Then the flag F is θ -stable, so the parabolic
subalgebra q which stabilizes F is θ -stable. We say q is associated with O. Let
q= l+ u, respectively q¯= l+ u¯,
be a Levi decomposition of q and the opposite parabolic subalgebra q¯. Here l is
a Levi factor and u and u¯ are nilpotent radicals.
By the formula from Section 1. Ass(Aq) is the closure of a single nilpotent
K-orbit. We shall determine this orbit explicitly.
Proposition 2. Let O ⊂ N ∩ s be a K-orbit and q the parabolic subalgebra
associated with O. Then Ass(Aq)=O.
Proof. Let ξ ∈ O be defined using a Jordan basis as above. The definition of q
implies immediately ξ ∈ u¯∩s. To show Ad(K). ξ =Ad(K). (u¯∩s), it will suffice
to check
rk
(
ξ i
)
 rk
(
yi
)
if y ∈ u¯∩ s and 1 i  r1.
In fact, in this case [4, 6.2.5] dim Ad(G). ξ  dim Ad(G). y , which implies further
dim Ad(K). ξ  dim Ad(K). y , since dim Ad(K). y = 12 dim Ad(G). y , [6]. We
conclude that Ad(K). ξ is the largest orbit in Ad(K). (u¯∩s), as desired. It remains
to compare the ranks of ξ i and yi . Observe first that y is represented by a lower
triangular matrix with respect to the basis {vij }. Hence, if v ∈ {vr11, vr12, . . .} then
v ∈ kery . Put V1 = V/C. v and denote by ξ1 and y1 the linear operators on V1
determined by ξ and y . The spaceCv is s-stable, hence θ induces an involution θ1
on V1. Set K1 = {g ∈ GL(V1): θ1(g)= g}. A simple computation gives
rk
(
yi1
)
 rk
(
yi
)− 1.
On the other hand, the definition of ξ implies
rk
(
ξ i1
)= rk(ξ i)− 1 if i < r1.
By induction, applied to O1 =Ad(K1). ξ1, we assume
rk
(
ξ i1
)
 rk
(
yi1
)
if i < r1.
This implies further rk(ξ i) rk(yi), as desired. ✷
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3. Double cells for unitary groups
In this section we give a geometric description of double cells for GR =
U(p,q) in the case of trivial infinitesimal character. Our method is based on the
following two simple observations.
Lemma 3. The homomorphism Φ :K(M((U(g),K)ρ))Q→H2n(T ∗KX,Q) is an
isomorphism if GR =U(p,q).
Proof. We know already that Φ is surjective. Hence it will suffice to show
dimQK(M((U(g),K)ρ))Q = card(X/K). By [14, 2.2.4] the set Mρ is in
bijection with GR-conjugacy classes of Z2-character data. Recall a Z2-character
data is a triple δ = (HR, τ,R+), where HR is a Cartan subgroup of GR, τ is
a one-dimensional character of HR such that dτ = 0, and R+ is a positive root
system in the root system R of the pair (g,Lie(HR)C). We remark that τ takes
values in Z2 and hence the name. In the present case Cartan subgroups are
connected [17, 1.4.2], hence anyZ2-character data is of the form δ = (HR,1,R+).
Denote by x ∈ X the point corresponding to the pair (Lie(HR)C,R+). Then
the correspondence δ → x induces a bijection between GR-conjugacy classes of
Z2-character data and GR-orbits on X and hence also betweenK-orbits on X [14,
Chapter 2]. This establishes the claim. ✷
Lemma 4 [11]. Let x ∈ N ∩ s and O = Ad(K). x . Then the W -module
H2n(γ
−1(O),Q) is irreducible. In fact, in the Springer parameterization of Weyl
group characters, H2n(γ−1(O),Q) corresponds to the orbit OC =Ad(G). x and
the trivial character of the component group of the centralizer of x in G.
Proof. Consider a K-equivariant fibration γ−1(O)→O. A standard topological
argument [10] establishes an isomorphism of W -modules
H2n
(
γ−1(O),Q)∼=H2d
(
γ−1x,Q
)CK(x).
Here CK(x) denotes the component group of the centralizer of x in K and d is
the complex dimension of γ−1(x). The centralizer of x in G is connected [12], so
CG(x) and CK(x) are trivial. The conclusion now follows, since by the Springer
theory H2d(γ−1x,Q)CG(x) is the irreducible character of W corresponding toOC
and the trivial character of CG(x). ✷
Given a subgroup V of K(M((U(g),K)ρ)) we write VQ = V ⊗Z Q.
Theorem 5. Let π be an irreducible Harish–Chandra module for the unitary
group U(p,q). Then Ass(π)=O for a single K-orbit O ⊂N ∩ s. We also have
a natural isomorphism of W -modules VLR(π)Q ∼=H2n(γ−1(O),Q).
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Proof. LetO ⊂N ∩s be a K-orbit and let πO ∈Mρ be isomorphic to Aq. Recall
that the characteristic variety and the associated variety are related by the formula
γ
(Ch(∆ρ(πO)
))=Ass(πO).
Hence by Propositions 1 and 2 Φ induces a homomorphism
φ1 :V LR(πO)Q→H2n
(
γ−1(O),Q).
By Lemma 3 this homomorphism is injective. We compose it further with
restriction H2n(γ−1(O),Q)→H2n(γ−1(O),Q) to obtain a homomorphism
φ2 :V LR(πO)Q→H2n
(
γ−1(O),Q).
This homomorphism is surjective by Proposition 2 and Lemma 4. We choose
π ′O ∈ C LR(πO) such that Ass(π ′O)=O and Ass(π ′) ⊂O\O for π ′ ∈ CLR+ (π ′O).
This is possible by Proposition 1, since the set C LR(πO) is finite. Then
φ2(VLR+ (π ′O)Q)= 0, hence φ2 induces a surjective homomorphism
φ :VLR(π ′O)Q→H2n
(
γ−1(O),Q).
In particular, dimQ VLR(π ′O)Q  dimQH2n(γ−1(O),Q). On the other hand,
the sets CLR(π ′O) are disjoint since Ass(π ′) = O for π ′ ∈ CLR(π ′O). By
Lemma 3
∑
O⊂N∩s VLR(π ′O)Q = K(M((U(g),K)ρ))Q and the sum is direct.
It follows that Mρ =⋃CLR(π ′O). In turn, this implies πO ∈ CLR(π ′O1) for some
K-orbit O1 ⊂ N ∩ s. Then necessarily O = O1 and πO
LR≈ π ′O. In particular,
CLR(π ′O) = CLR(πO). Now, if π ∈Mρ then π ∈ CLR(πO) for some O ⊂N ∩ s.
Then Ass(π) = O and VLR(πO)Q = VLR(π)Q so the map φ :VLR(π)Q →
H2n(γ
−1(O),Q) is an isomorphism of W -modules. ✷
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